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SECTION  I 


PURPOSE 


This  program  is  intended  to  study  the  feasibility  of  high-dielectric  - 
constant  materials  as  resonators  in  microwave  filters,  and  to  obtain  design 
information  for  such  filters.  Resonator  materials  shall  be  selected  that 
have  loss  tangents  capable  of  yielding  unloaded  Q  values  comparable  to  that 
of  waveguide  cavities.  The  materials  shall  have  dielectric  constants  oi  at 
least  75  in  order  that  substantial  size  reductions  can  be  achieved  compared 
to  the  dimensions  of  waveguide  filters  having  the  same  electrical  performance. 


SECTION  II 


ABSTRACT 

The  objectives  of  this  applied  research  program  on  microwave 
dielectric -resonator  filters  are  discussed.  The  problems  to  be  overcome 
before  the  advantages  of  these  fitters  can  be  realized  are  explained.  One 
important  problem,,  the  frequency  sensitivity  of  high-dielectric-constant 
materials,,  falls  outside  the  scope  of  this  program.  However,  development 
of  a  suitable  material  having  a  dielectric  constant  of  about  100  is  considered 
feasible. 

First-  and  second-order  analyses  of  dielectric  resonators  are  given 
for  rectangular  and  cylindrical  shapes.  The  first-order  solution  assumes 
the  surface  of  the  dielectric  resonator  to  be  an  open-circuiting  (or  magnetic) 
wall,  while  the  second-order  solution  assumes  boundary  conditions  that  are 
more  complex,  yet  subject  to  simple  computation.  The  superiority  of  the 
seccnd-order  solution  is  shown  by  comparison  of  theoretical  and  experi¬ 
mental  resonant-frequency  data.  However,  a  frequency  discrepancy  of 
about  10  per  cent  indicates  that  either  the  second-order  solution  requires 
further  improvement,  or  that  the  assumed  dielectric -constant  \alue  is  in 
error,-  or  both. 


Resonant  frequency  and  unloaded  Q  measurements  were  made  on  six 
cylindrical  samples  having  a  wide  range  of  diameter  to  length  ratios.  The 
experimental  techniques  are  described.  The  unloaded  Q  of  six  TiO^  samples 
was  measured  and  found  to  be  about  7000  at  S-band.  Since  these  samples 
were  not  of  the  h'ghes!  purity,  even  higher  Q’s  should  b<  possible.  The 
eftect  of  vaceguide  wali  proxinntx  was  stun.ee.  expt  i  iment.ally ,  and  curves 
are  gi\ci.  shoeing  the  effect  of  sample  position  in  the  w.weguide  on  res¬ 
onant  frequence. 


SECTION  III 


CONFERENCES 

1.  On  10  July  1963  a  conference  was  held  at  the  Signal  Corps  laboratory. 
Those  attending  were  J.  Agrios,  E.  A.  Mariani,  and  J.  Charieton  of  the  Signal 
Corps,  and  S.  B.  Cohn  of  Rantec  Corp.  Objectives  and  plans  for  the  pro¬ 
gram  were  discussed. 

2.  (Jn  October  7,  E.  A.  Mariani  of  the  Signal  Corps  and  S.  B.  Cohn, 

C.  W.  Chandler,  and  K.  C.  Kelly  of  Rantec  met  at  Rantec  Corp.  Results  of 
the  first  quarter  were  reviewed,  and  future  plans  were  discussed. 
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SECTION  IV 


FACTUAL  DATA 

1.  Introduction 

It  has  been  known  for  many  years  that  dielectric  objects  with  free- 
space  boundaries  «..nn  resonate  in  various  modes.  ^  If  the  dielectric 
constant  of  the  object  (dielectric  resonator)  is  high,  the  electric  and  mag¬ 
netic  fields  of  a  given  resonant  mode  will  be  confined  in  and  near  the 
resonator,  with  the  external  fields  attenuating  to  negligible  values  in  a 
distance  small  compared  to  a  free-space  wavelength.  Therefore,  the 

radiation  loss  will  be  very  small,  and  the  unloaded  Q,  Q  ,  of  the  reso- 

u 

nance  will  be  limited  mainly  by  losses  in  the  dielectric  resonator.  In 

materials  of  interest,  the  magnetic  permeability  is  unity  and  magnetic 

losses  are  zero.  Electric -field  losses  occur  as  a  result  of  the  finite 

loss  tangent  (tan  5)  of  the  dielectric  material.  If  all  of  th~  electric  energy 

of  the  resonant  mode  is  stored  inside  the  dielectric  resonator,  and  if  no 

losses  occur  due  to  external  fields,  the  unloaded  Q  will  be  given  by 

Q  -  1/tan  5.  In  the  case  of  finite  dielectric'  constant  ( €  ),  there  will 

always  be  external  loss  due  to  radiation  or  dissipation  in  a  surrounding 

metal  shield.  These  losses  will  tend  to  reduce  Q  ,  while  external  elec- 

u 

trie  stored  energy  will  tend  to  increase  Q  .  For  -  of  the  order  of  100 

u  r 

or  higher,  these  effects  will  be  small,  and  ^  1/tan  5  appears  to  be  a 

fair  approximation.  Typical  tan  t  values  for  materials  of  interest  range 

from  about  0.  0001  to  0.0003.  Therefore  Q  values  of  about  3000  to 

u 

10,  000  may  be  expected.  These  Q^  values  are  of  the  same  order  as 
those  obtained  with  rectangular  waceguide  cavities. 

The  study  program  described  in  this  First  Quarterly  Report  has 
the  objectives  of  exploring  the  feasibility  of  dielectric  resonators  in  micro- 
wave  fillers  and  ot  obtaining  the  design  data  necessars  for  practical  devel¬ 
op, i...  nt  of  these  filters.  In  order  for  dielectric  resonators  to  be  of  value. 
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they  must  offer  one  or  more  advantages  over  conventional  waveguide,  coaxial, 
and  strip-line  resonators.  Because  the  unloaded  Q  of  dielectric  resonators 
is  approximately  the  same  as  that  of  waveguide  cavity  resonators,  the  selec¬ 
tivity  and  dissipation-loss  characteristics  obtainable  in  filters  containing 
either  kind  of  resonator  will  be  approximately  the  same.  Thus,  the  dielectric 
resonator  filter  must  offer  an  advantage  other  than  that  of  electrical  perform¬ 
ance  in  order  to  be  justified.  As  the  following  discussion  will  show,  a 
substantial  size  (and  weight)  advantage  appears  likely,  and  it  is  primarily 
on  this  basis  that  dielectric  resonators  are  of  interest. 

For  the  fundamental -mode  resonance,  the  dimensions  of  a  dielectric 
resonator  are  on  the  order  of  one  wavelength  in  the  dielectric  material.  Since 


where  X,  is  wavelength  in  the  dielectric,  \  is  wavelength  in  air,  and  z  is 
relative  dielectric  constant,  the  re;  onator  dimensions  will  be  very  small 
compared  to  \  if  c  f  is  large.  For  example,  pure  po» /crystalline  titanium 
dioxide  (TiO-J  has  a  dielectric  constant  of  about  100,  so  that  X  0.  IX  . 

c  a  ci 

Because  the  dimensions  of  an  ordinary  air -filled  waveguide  cavity  are  of 

the  order  of  X  ,  it  mav  be  seen  that  a  dielectric  resonator  can  oe  much 
a 

smaller  than  a  waveguide  cavity.  It  should  be  realized,  however,  that  a 
dielectric  resonator  must  have  a  metal  enclosure  around  it  to  prevent 
radiation  loss.  The  enclosure  should  be  sufficiently  larger  than  the  die¬ 
lectric  resonator  so  that  current  induced  on.  the  metallic  surtace  by  the 
external  field  of  the  resonator  will  not  seriously  affect  the  unloaded  Q  of 
the  resonator.  Tentatively,  it  is  believed  that  the  ^closure's  linear 
dimensions  will  have  to  be  about  twice  those  of  the  dielectric  resonator. 

If  that  is  the  case,  the  reduction  in  size  compared  to  ord'nary  waveguide 
cavities  will  be  by  approximately  the  factor  thus,  tor  liO^,  the 

linear  dimensions  of  the  dielectric  resonator  including  its  enclosure  will 


be  about  one -fifth  that  of  a  simple  waveguide  cavity.  This  is  a  very  con¬ 
siderable  size  advantage. 

It  must  not  be  ignored  that  the  dimensions  of  a  dielectric  resonator 

may  be  as  large  or  larger  than  those  of  a  capacitively  loaded  waveguide 

cavity,  a  coaxial  resonator,  or  a  helical  resonator.  The  of  these 

resonators,  however,  would  be  lower  in  the  microwave  range.  For 

example,  at  10,000  Me  a  TiO^  resonator  might  typically  be  about  0.  13 

inch  in  diameter  by  0.  06  inch  thick,  and  the  enclosure  approximating  a 

cube  0.  25  inch  on  each  side.  A  strip-line  or  coaxial  quarter-wave  air- 

filled  resonator  occupying  that  volume  would  have  a  practical  of  about 

1400.  At  1000  Me  the  dimensions  would  be  about  2.  5  x  2.  5  x  2.  5  inch  and 

the  Q  of  a  strip-line  or  coaxial  resonator  about  4500.  These  Q  values 
u  u 

should  be  compared  to  5000  to  10,  000  for  T’O^  resonators  of  high  purity. 
The  advantage  of  the  dielectric  resonator  is  most  striking  at  the  higher 
microwave  frequencies,  and  appears  to  be  marginal  near  1000  Me.  Below 
500  M>  ,  capacitively  loaded  strip-line  and  coaxial  resonators  have  tha 
advantage. * 

A  disadvantage  of  dielectric  resonators  as  compared  to  conven¬ 
tional  resonators  is  variation  of  dielectric  constant  with  temperature.  For 
TiO^  the  relative  change  of  dielectric  constant  is  800  ppm  per  °C  (800 
parts  per  million  per  degree  Centigrade).  Since  resonant  frequency  is 
proportional  to  the  relative  frequency  change  will  be  400  ppm  per 

°C.  Higher  dielectric  constant  materials  such  as  strontium  titanate 
(c^  as  230)  and  barium  titanate  (*  >  1000)  have  much  greater  temperature 


An  even  smaller  resonator  offering  an  unloaded  Q  ir.  the  thousands  at 
frequencies  above  2000  Me  is  the  single -crystal  yltrium-iron-garnct 
(Y1G)  sphere.  The  individual  resonators  can  be  on  the  order  of  0.  050 
inch  in  diameter.  However,  a  magnetic  field  of  extreme  uniformity 
must  be  provided.  The  complete  filter  including  its  magnet  is  not 
likely  to  have  a  size  and  weight  advantage.  YlG-sphere  filters  have 
their  particular  auvantage  when  electronic  tunability  is  desired. 
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sensitivities.  In  contrast,  a  brass  waveguide  cavity  has  an  expansion 
coefficient  of  20  ppm  per  °C,  and  invar,  1  ppm  per  °C.'  Since  resonant 
frequency  is  inversely  proportional  to  linear  dimensions,  the  frequency 
sensitivities  have  the  same  values.  Thus  the  frequency  sensitivities  of 
brass  and  invar  cavities  are  one -twentieth  and  one -four-hundredth  the 
value  for  TiO^  resonators,  respectively. 

As  an  example  of  temperature  sensitivity,  an  X-band  band-pass 
filter  utilizing  TiO^  resonators  would  have  a  center-frequency  shift  of 
4  Me  per  °C.  For  most  applications  this  cannot  be  tolerated.  There¬ 
fore,  a  materials  study  is  required  leading  to  a  practical  material  having 
parameters  on  the  order  of  =  100,  tan  6  =  0.0001,  and  =  40(10)_< 

per  °C,  or  better.  A  materials  development  program  is  not  within  the 
scope  of  the  present  program.  However,  before  the  results  of  this  pro¬ 
gram  can  be  applied  to  the  design  of  filters  for  field  applications,  a 
material  such  as  that  specified  above  must  be  made  available.  Although 
a  suitable  material  is  not  yet  known  to  exist,  its  development,  with  an 
Sr  of  about  100,  is  considered  feasible  by  dielectric-material  specialists 
of  the  Signal  Corps  laboratories.  Successful  development  of  a  suitable 
material  having  e_  substantially  greater  than  100  is  not  considered  likely. 
For  this  reason,  the  present  intention  in  this  program  is  to  concentrate 
experimental  work  on  polycrystalline  samples  of  TiO^,  which  are  readily 
obtai'  ible,  and  which  have  the  desired  values  of  and  tan  6. 

A  basic  understanding  of  dielectric  resonators  and  a  physical  pic¬ 
ture  of  their  modal  fields  may  be  obtained  in  an  approximate  way  by 
considering  the  dielectric  resonator  with  an  air  boundary  to  be  the  dual 
of  conventional  metal-wall  resonators.  Since  the  metal  walls  of  the  latter 
act  as  short-circuiting  boundaries,  duality  requires  the  dielectric  reso¬ 
nator  surfaces  to  act  as  open -circuiting  boundaries,  l'his  will  be  true  in 
a  rough  way  if  the  dielectric  constant  is  high,  since  in  that  case  the  char¬ 
acteristic  impedance  of  the  dielectric  medium  will  be  generally  small 
compared  to  that  of  the  air  medium.  The  assumption  is  not  perfect,  as 


it  fails  at  certain  angles  of  incidence  of  the  wave  impinging  on  the  boundary, 
but  it  is  sufficiently  good  for  qualitative  conclusions.  An  analysis  of  cylin¬ 
drical  resonators  utilizing  this  assumption  has  been  made  by'  Schlicke  .  A 
more  accurate  "second -order"  solution  in  which  the  external  fields  are  taken 
approximately  into  account  has  been  obtained  by  Okaya  and  Barash^.  Their 
analysis  was  made  for  rectangular  resonators,  but  may  also  be  applied  to 
cylindrical  shapes,  as  shown  in  Section  2  of  this  report.  Exact  solutions  are 
possible  only'  for  dielectric  resonators  with  surfaces  conforming  to  complete 
wave  surfaces  in  three-dimensional  coordinate  systems  y. elding  explicit 
wave  functions.  Thus,  rigorous  solutions  for  spherical,  toroidal,  and  ellip¬ 
soidal  resonators  are  feasible,  while  solutions  for  finite  cylindrical  and 
rectangular  resonators  are  not.  The  first  two  cases  were  treated  by' 
Richtmeyer  * . 

When  two  structures  are  duals,  their  E  and  H  fields  may  be  inter¬ 
changed.  Thus,  the  field  configurations  in  the  cases  of  fundamental  modes 
in  rectangular  and  cylindrical  dielectric  resonators  are  inferred  from  their 
metal -walled  counterparts  to  be  as  shown  in  Figure  1-1.  Note  that  the  H- 
field  of  these  modes  traverses  the  inside  of  the  resonators  without  changing 
sign  or  going  to  zero.  In  a  metal -walled  cavity,  only  the  E -field  can  behave 
in  this  manner.  Note  further  that  there  is  an  external  H-field  (and  also  an 
external  E-field)  appropriate  to  that  of  a  magnetic  dipole.  As  mentioned 
earlier,  if  is  large  this  external  field  decays  rapidly  with  distance  from 
the  resonator,  and  radiation  loss  is  small. 

The  effect  of  anisotropy  of  the  dielectric  constant  must  also  be  con¬ 
sidered.  In  most  single  crystals  dielectric  constant  is  a  function  of  direction. 

3 

As  shown  by  Okaya  and  Barash  ,  the  numoer  of  modes  is  doubled  for  aniso¬ 
tropic  media  such  as  single -crystal  TiO-,,  as  compared  to  isotropic  m^dia. 

In  general,  each  mode  of  the  isotropic  medium  is  split  into  two  different 
modes  in  single -crystal  TiO.,.  If  the  physical  axis  is  not  properly  aligned 
t  the  optical  axis,  the  situation  might  be  even  worse.  Thus,  for  filters  it 
is  highly  desirable  to  use  isotropic  materials  m  order  to  minimize  difficulties 


(a)  RECTANGULAR  RESONATOR,  o  and  b  »  c 


(b)  CYLINDRICAL  RESONATOR,  0>L 


dZH; 

L - 1  * 


(c)  CYLINDRICAL  resonator,  0<L 


Figure  1-1.  Fundamental -Mode 
Fields  for  Three  Practical  Die¬ 
lectric  Resonator  Configurations 


due  to  s^uriQus  responses.  Other 
reasons  for  using  isotropic  poly¬ 
crystalline  materials  are  the  dif¬ 
ficulty  involved  in  cutting  the 
surfaces  in  accurate  relationship 
to  the  optical  axis,  and  the  scarcity 
and  expense  of  large  single -crystal 
samples  of  high  quality.  Unless  it 
should  prove  that  polycrystalline 
materials  are  significantly  lossier 
than  single-crystal  materials,  the 
former  will  be  used  exclusively  in 
this  program. 

In  this  First  Quarterly 
Report,  a  general "second-order" 
solution  applying  to  variously 
shaped  resonators  is  derived.  This 
is  compared  to  experimental  data 
obtained  for  cylindrical  resonators. 
Preliminary  data  are  also  given. 


Future  reports  on  this  program  will 

cover  such  topics  as  microwave  measurements  of  e^,  magnetic  dipole  moment 
of  dielectric  resonators,  problems  of  coupling,  tuning  and  shielding,  design 
information  for  band-pass  and  band -rejection  filters,  and  construction 
techniques. 

2.  First-  and  Second-Order  Analysis  of  Dielectric  Resonators 

a.  First-Order  Solution 


As  a  first-order  approximation  in  computing  the  internal 
fields,  the  surface  of  a  high-dielectric-constant  resonator  mav  be  assumed 
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to  be  an  infinite -impedance  boundary  (or  magnetic  wall).  Subject  to  this 
approximation,  the  fields  in  the  resonator  are  exact  duals  of  the  fields  in  a 
metal-walled  resonator  of  the  same  size  and  shape  filled  with  a  medium 
=  M-r  =  1  and  Thus,  E'  =  qH  and  H'  -  -E/r, where  primed  quan¬ 

tities  apply  to  the  metal-walled  medium,  unprimed  quantities  to  the 

magnetic -walled  dielectric  resonator,  and  ri  =  ,/u  JC  =  377  ohms.  The 

v  o  o 

resonant  frequencies  of  the  corresponding  do  xi  modes  are  equal.  In  des¬ 


ignating  the  modes,  and  TM^mn  for  the  metal -walled  resonator 

become  and  TE^mn  for  the  magnetic  walled  medium,  where  TE 

indicates  that  the  electric  field  lies  in  planes  transverse  to  the  z-axis, 


and  TM  indicates  the  same  for  the  magnetic  field.  Thus,  for  the  rec¬ 


tangular  magnetic -walled  resonator  in  Figure  2- 1(a),  the  fundamental 


(or  lowest  frequency)  mode  is  the  TE}  mode.  For  the  cylindrical  res¬ 
onator  in  Figure  2-l(b),  the  fundamental  mode  is  the  TE^^  mode  when 
L  <  D,  and  the  TM  j  j  j  mode  when  L.  >  D.  The  fields  for  these  modes  are 
sketched  in  Figure  1-1.  Formulas  for  the  resonant  wavelengths  of  the 


metal -walled  dual  resonators  may  be  found  in  numerous  texts. 


Figure  2-1.  Dimensions  and  Coor¬ 
dinates  for  Rectangular  and  Cylin¬ 
drical  Resonators 

b.  Impedance  Discontinuity  on  an  Infinite  Plane  Boundary 

Obviously,  the  accuracy  of  the  first-order  solution  must  be 

mediocre,  since  substantial  field  energy  exists  outside  of  the  dielectric 

resonator.  Thus,  the  surface  must  be  a  poor  substitute  for  an  open  circuit. 

An  analysis  of  the  characteristic  impedance  ratio  Z  /Z  ,  is  of  interest  in 

oa  od 

this  regard,  (ZQa  and  ZQd  are  characteristic  impedances  in  the  air  and  die¬ 
lectric  media  evaluated  for  corresponding  directions  of  uniform  plane -wave 
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propagation  designated  by  angles  0  ,  and  9  measured  from  the  normal  to  the 

a  a  ^ 

surface).  The  characteristic  impedances  are  defined  in  the  usual  way,  being 
the  ratio  of  the  E  and  H  components  in  planes  parallel  to  the  surface.  The 
angles  0^  and  0&  are  related  as  follows  by  Snell's  law. 

sin®a  =  /7  sin  0^  (2-1) 

Note  that  0  =  90°  when  0  ,  =  sin"~*{l/^c"”),  and  0  does  not  exist  as  a  real 

angle  for  larger  9^.  The  significance  of  this  fact  is  that  wave  propagation  in 
the  air  region  is  replaced  by  attenuation  for  0^  *  sin—1(  1/,/e^).  The  air- 
region  attenuation  constant  in  the  direction  of  the  normal  is  as  follows: 

\  £  yfr  -  1  I*-2' 

where  the  units  of  a  are  nepers  per  unit  length,  the  length  unit  being  that 

ol 

of  \  ,  the  wavelength  in  air. 

In  computing  Z  /Z  ,,  there  are  two  basic  cases  to  consider: 
oa  oa 

namely,  E  perpendicular  to  the  plane  of  incidence  (E^)  and  E  parallel  to 

the  plane  of  incidence  (E||).  The  various  formulas  of  interest  for  these  two 

4 

cases  are  as  follows. 


zod  =  ir*sec  ed 

v  r 

(2-3) 

Z  =  r,/ 

oa  1 

yj 1  -  Er 

(2-4) 

Z 

oa 

*=\7 

cos  8  , 
v  r  d 

1  —  e  sin^G  , 

(2-5) 

V 
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0  (0  20  SO  40  SO  €0  ?0  »0  90 


Figure  2-2,  Ratio  of  Charac¬ 
teristic  Impedances  Zoa/Z0d 
r,.  Plane  Boundary  Between 
Dielectric  and  Air  Media, 

S  =100 

r 


Equations  2-5  and  2-8  are  plotted 

in  Figure  2-2  for  5  =  100.  The  charac- 

°  r 

teristic  impedance  Z  and  the  ratio 

oa 

Z  /Z  ,  are  real  for  0  ,  <  5.  7°  and  imag- 
oa  od  d  & 

inary  for  0^  >  5.  7°.  Thus  propagation  of 
energy  through  the  boundary  occurs  below 
5.  7°  while  total  reflection  occurs  above 
5.7°.  In  the  E ||  case,  l^oa^oc}|  is  much 
larger  than  unity  everywhere  except  very 
near  0^  -  5.  7°.  Thus,  the  E||  case  approx¬ 
imates  an  open-circuit  boundary  quite  well. 
This  is  not  true  of  the  E^  case,  however, 

since  in  most  of  the  0  ,  ranee  Z  /Z  ,  is 

d  °  1  oa  od  I 

quite  small-  The  magnitude  |^oa^ocjl  is 

infinite  at  0^  =  5.  7°  and  then  drops  mon- 

itonically  to  zero  at  0  ,  -  90°.  Above 

d 

0,-95  ,  Z  / Z  ,  is  less  than  one,  and 
a  I  oa  od l 

therefore  the  boundary  approximates  a 
short  circuit  rather  than  an  open  c:rcuit. 
The  reason  for  the  poor  accuracy  of  the 
first-order  solution  is  now  apparent.  This 
is  especially  true  in  the  case  of  the  funda¬ 
mental  mode,,  since  the  first-order  fields 
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of  that  mode  can  be  represented  by  uniform  plane  waves  propagating  in  various 
directions  perpendicular  to  the  z-axis.  On  the  narrow  walls  parallel  to  the 
z-axis,  the  polarization  of  incidence  is  E||,  so  that  the  open-circuit  approx¬ 
imation  is  quite  good.  However,  on  the  broad  wells  perp-  ndicular  to  the 
z-axis,  the  polarization  of  incidence  is  Ej^  with  9^  =  90°.  Thus, 

JZoa/ZQ^|  =  0,  and  the  first-order  approximation  breaks  down  completely. 

The  behavior  of  the  experimental  data  in  Figure  2-3  should  now  be 
clear.  When  D/L  approaches  zero,  the  area  of  the  surfaces  normal  to  the 
z-axis  becomes  negligible  compared  to  the  area  of  the  other  surfaces.  Thus, 
the  open-circuit  approximation  holds  quite  well  over  most  of  the  total  sur¬ 
face,  with  the  result  that  the  first-order  solution  has  good  accuracy.  For 
D/L  large,  the  opposite  prevails,  and  the  accuracy  is  very  poor.  Even  for 
D/L  =  1,  the  error  is  too  great  for  the  first-order  solution  to  be  useful. 


Figure  2-3.  Cylindrical  Die¬ 
lectric  Resonator  Center- 
Frequency  Data  for  Funda¬ 
mental  Mode  -  Comparison  of 
First-Order  Solution  with 
Measured  Points  Given  by 
H.  M.  Schlicke 


c.  Second-Order  Solution 

A  more  complex  boundary - 

impedance  assumption  has  been  used  by 
3 

Okaya  and  Barash  that  yields  greatly 
improved  accuracy.  With  reference  to 
Figure  2-1,  they  assume  magnetic  walls 
on  the  surfaces  parallel  to  the  z-axis, 
while  on  the  surfaces  perpendicular  to 
the  z-axis,  they  assume  rv.activ'  ter¬ 
minations  appropriate  to  the  field  dis¬ 
tribution  on  these  surfaces.  More 
specifically,  tne  Okaya  and  Barash 
boundary  conditions  are  represented 
exactly  by  Figure  2-4,  where  the  die¬ 
lectric  resonator  is  contained  in  a 
magnetic -wall  waveguide.  Thus,  the 
dielectric-resonator  problem  is  reduced 
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to  a  straightforward  waveguide  prob¬ 
lem.  Okaya  and  Barash  confined 
their  attention  tc  rectangular  reso¬ 
nators  and  did  not  utilize  the  wave¬ 
guide  model.  The  analysis  given 
below  in  terms  of  a  waveguide  model 
should  be  more  easily  comprehended 
by  microwave  engineers  and  at  the 
same  time  will  yield  a  useful  physi¬ 
cal  understanding  of  the  problem. 

The  waveguide  cross-section 
shape  in  Figure  2 -4(a)  is  arbitrary. 

In  order  to  compute  the  resonant 
frequency  of  the  resonator,  it  is  merely  necessary  to  .'now  the  cutoff  wave¬ 
length  of  the  waveguide  cross-section.  When  the  field  functions  of  the  resonant 
mode  are  desired,  the  waveguide -mode  fields  must  be  kno  wn  in  addition  to  the 
cutoff  wavelength.  By  duality  considerations,  the  cutofl  wavelength  and  field 
functions  are  immediately  known  for  the  magnetic -walled  wa /e guide  if  these 
quantities  aie  known  for  a  metal -walled  waveguide  having  the  same  cross- 
section. 
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(a)  GENERALIZED  CYLINDRICAL  MAGNETIC-WALL  WAVEGUIDE 
CONTAINING  A  DIELECTRIC  RESONATOR 
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(W  BISECTED  CONFIGURATION 


Figure  2-4.  Cylindrical  Resonator 
within  Magnetic -Wall  Waveguide 
Boundary 


The  resonant-mode  solution  is  most  easily  obtained  by  applying  the 
resonance  ccndition 


Ba  +  Bd  =  0  (2-9) 

at  the  air-dielectric  boundary  of  the  bisected  configuration  in  Figure  2-4(b). 
The  plane  of  symmetry  should  be  replaced  by  either  a  short-circuiting  or 
open-circuiting  terminating  wall  depending  on  the  particular  mode  of  reso¬ 
nance.  For  the  fundamental  TE  mode,  E  (E  transverse  to  z)  is  maximum 
at  the  plane  of  symmetry  while  H,  is  zero.  Therefore,  an  open-circuiting, 
or  magnetic,  wall  is  required  in  the  plane  of  symmetry.  The  resonant 
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frequency  occurs  such  that  the  dielectric -filled  waveguide  cross  section  is 
above  cutoff.  The  propagation  constant  in  the  dielectric  is  equal  to 

=  j2w/X  ,  where  3^  is  the  wave  constant.  In  the  air -filled  region,  the 
cross  section  is  below  cutoff,  and  the  propagation  constant  is  equal  to  the 
attenuation  constant,  o;  .  Here,  and  in  the  following  analysis,  subscript 
d  denotes  the  dielectric -filled  waveguide  and  subscript  a  the  air-filled 
waveguide.  The  cutoff  wavelengths  are  X  and  X^&  in  the  two  regions. 
Because  X^  is  a  function  only  of  the  dimensions  of  the  cross-section 
boundary  and  is  independent  of  c^,  one  can  write 


X  .  =  X  =  X  . 
cd  ca  c 


(2-10) 


Carrying  through  the  waveguide  analysis  of  Figure  2-4(b)  for  the 
TE  mode  one  obtains* 


(2-11) 


(2-12) 


(2-13) 


3 


2ir  2  tr 

T~~  =  X~ 
8d  a 


-  fog  v 
T  *od 

a 


(2-14) 


T. 

a 


(2-15) 


*The  analysis  utilizes  well-known  waveguide  relationships  and  definitions. 
A  book  such  as  Reference  4  may  be  used  as  background. 
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Now  apply  the  resonance  condition  B  +  B,  =  0,  and  let  X.  equal  k  ,  the 

^  u  3.  O 

resonant  wavelength  in  air.  The  above  equations  yield 


tan 


n  = 
a 


a 


d 


(2-16) 


(2-17) 


(2-18) 


Before  solving  Equations  2-16  through  2-18  for  \  ,  it  is  necessary  to  know 
for  the  cross  section  per pendicuiar  to  the  z-axis.  Utilizing  waveguide 
theory  and  duality,  one  obtains  the  following  relations  for  the  TE  modes  of 
interest  in  magnetic  walled  waveguides. 


1 

? 


(TEjj  mode.,  rectan-  (2-19) 

gular  cross-section) 


1  0.  585 

c 


D 


(TEqj  mode,  circular  (2-20) 

cross-section) 


In  using  the  second-order  resonant-frequency  equations  when  and 

the  cross-section  dimensions  are  given,  it  is  convenient  to  assume  a  value 

of  \  and  then  calculate  the  resonator  length,  L.  Thus,  l/\2  should  be 
o  c 

computed  from  Equation  2-19  or  2-20.  Then  and  should  be  computed 
from  Equations  2-17  and  2-18.  Finally,  Equation  2-16  may  be  solved  ex¬ 
plicitly  for  L. 


-  1  o  - 


d. 


Comparison  of  First-  and  Second-Order  Solut;ons  with 
Measured  Data. 


Figure  2-5  shows  a  comparison  of  computed  resonant  frequency 
curves  and  data  taken  on  a  series  of  TiC^  cylindrical  dielectric  resonators  of 
constant  diameter  D  =  0.400  inch  and  va.rying  L.  The  measurement  technique 
is  described  in  Section  3  of  this  report.  Computed  curves  are  shown  for  the 
first-order  TE3,Q  and  TEqj  ^  modes,  and  the  second-order  TEQ16  mode. 
These  modal  designations  are  identical  except  for  the  third  subscript  in  each 
case.  By  convention  this  subscript  indicates  the  number  of  half -guide -wave¬ 
length  variations  of  field  occurring  in 


the  a -direction  within  the  resonator. 
For  first-order  modes,  this  subscript 
is  an  integer  20.  However,  in  the  case 
of  the  second-order  solution,  this  sub¬ 
script  is  a  non-integer  given  by 


3dL 


(2-19) 


For  the  fundamental  mode,  6  falls  be¬ 
tween  0  and  1.  (The  value  6  =  0  implies 
open-circuit  boundaries  of  the  trans¬ 
verse  resonator  faces,  while  6  =  1  implies 
short  circuits  at  these  faces. )  This  ex¬ 


plains  the  computed  curves  in  Figure  2-5, 
where  the  second-order  TE^j^  curve  lies 
between  the  first  order  TEqjq  and  TEqjj 
curves.  The  three  curves  have  the  same 


Figure  2-5.  Calculated  and 
Measured  Resonant  Frequency 
Versus  D/L,  TiO^  Resonator 


value  at  L  -  cc  (D/L  =  0),  since  =  oo  and 
tne  resonant  frequency  is  simply  the  cut¬ 
off  frequency  of  the  dielectric -filled 
wave guide. 
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The  experimental  points  in  Figure  2-5  lie  on  a  curve  about  10  per  cent 

in  frequency  above  the  TEqj^  curve,  in  the  direction  of  the  TEqjj  curve. 

There  are  two  possible  explanations  for  the  disagreement  between  measured 

and  calculated  points.  First,  the  true  dielectric  constant  may  differ  from  the 

assumed  value  of  e  =  100.  A  calculation  has  shown  that  a  value  c  =  83.  8 
r  r 

gives  perfect  agreement  at  3.  0  Gc,  and  a  2.  5  per  cent  discrepancy  at  3.  8  Gc. 
A  second  explanation  might  be  the  effect  of  the  difference  between  the  true 
boundary  conditions  and  the  assumed  boundary  conditions  of  the  second-order 
analysis. 

As  a  further  test  of  the  second-order  formulas,  a  TEqj^  point  was 
computed  for  the  graph  in  Figure  2-3.  At  f  =  200  Me,  the  value  D/L  =  6.80 
was  found.  This  lies  between  the  data  and  the  first  order  TEqjq  curve,  a 
situation  opposite  to  that  of  Figure  2-5.  The  large  discrepancy  in  this  case 
is  not  understood;  however,  the  extremely  high  =  5700  value  places  this 
case  far  beyond  the  range  of  interest  of  this  program. 

The  second-order  solution  is  a  definite  improvement  over  either  the 
first-o  der  TEqjq  or  TEqjj  solution.  Its  accuracy  of  about  10  per  cent  is 
adequate  for  preliminary  design  purposes.  *  As  an  aid  in  evaluating  the 
causes  of  error,  precise  microwave  measurements  of  will  be  made  dur¬ 
ing  the  second  quarter  of  this  program.  After  the  data  are  available, 
further  study  may  reveal  how  the  accuracy  of  the  second-order  solution 
may  be  improved. 


Figure  6  of  Okaya  and  Barash  indicates  almost  perfect  agreement  of  the 
second-order  solution  with  fundamental -mode  frequencies  measured  on 
rectangular  dielectric  resonators.  Although  anisotropic  single -crystal 
specimens  were  used,  the  orientation  of  the  E  field  was  such  that  an  iso¬ 
tropic  dielectric  constant,  Cr  -  78.  3,  could  be  assumed  in  the  case  of  the 
fundamental  TE  1 1  $  mode.  However,  our  own  calculations  for  this  case 
disagree  with  those  of  Okaya  and  Barash,  and  indicate  that  the  experi¬ 
mental  points  lie  about  six  per  cent  in  frequency  above  the  theoretical 
curve.  The  discrepancy  is  thus  similar  to  that  in  Figure  2-5.  Again, 
either  the  assumed  $r  value  or  the  boundary  conditions,  or  possibly 
both,  may  be  at  fault. 
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3.  Measurements  on  Cylindrical  Dielectric  Resonators 

At  the  start  of  the  program,  six  samples  of  polycrystalline  TiO^  die¬ 
lectric  material  were  available,  as  listed  in  Table  3-1. 


TABLE  3-1 

SAMPLES  OF  POLYCRYSTALLINE  TiO, 
DIELECTRIC  MATERIAL 


Sample  No. 

Diameter 

Length 

1 

0. 400  in. 

0.  255  in. 

2 

0.400 

0.  255 

3 

0.400 

0.  241 

4 

0.400 

0.  198 

5 

0.400 

0.  155 

6 

0.400 

0.  090 

These  initial  samples  were  supplied  by  the  Signal  Corps,  and  were  not  claimed 
to  be  of  particularly  good  quality.  The  samples  were  employed  in  some  ex¬ 
periments  of  a  preliminary  nature  as  described  below. 

An  experimental  setup  for  testing  samples  as  band -rejection  elements 
is  shown  in  Figure  3-1.  At  resonance  nearly  all  the  incident  energy  is  re¬ 
flected  and  the  transmitted  energy  exhibits  a  deep  null.  The  sample  is  sup¬ 
ported  on  polyfoam' in  WR-2S4  waveguide,  with  the  axis  of  the  sample  parallel 
to  the  transverse  magne..c  field  of  the  TEjq  mode  in  the  waveguide.  The 
setup  as  shown  permits  measurement  of  reflection  and  transmission  coeffi¬ 
cients  vs.  frequency.  Automatic  sweep  and  oscilloscope  display  were  used 
to  locate  resonances  and  observe  general  characteristics.  The  rejection 
resonances  were  then  investigated  in  detail  to  determine  resonant  frequency, 
bandwidth,  and  insertion  loss.  The  loaded  Q,  Q^,  can  be  determined  from 
the  resonant  frequency  and  bandwidth  data.  Then  the  unloaded  Q,  Q^,  can 
bn  determined  from  Q.  and  the  peak  insertion-loss  value  at  resonance,  L  . 

*-*  D 
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Figure  3-1.  Experimental  Setup  for  Dielectric 
Resonator  as  a  Band-Rejection  Filter  Element  in 
Waveguide.  Detector  Connection  for  Reflection- 
Coefficient  Measurement  is  Shown.  Alternate 
Connection  for  Insertion-Loss  Measurement  is 
Indicated. 

Since  this  data  can  be  computed  from  either  the  transmission  or  reflection 
coefficient  response,  measurements  were  made  on  both.  The  data  obtained 
from  the  above  experiments  are  shown  in  Tables  3-2  and  3-3,  and  in  Fig¬ 
ure  2-5.  Reflection  and  transmission  bandwidths  were  measured  at  the 
3-,  6-,  and  10-db  points.  The  values  are  calculated  by  dividing  the  res¬ 
onant  frequency  by  the  bandwidth  times  an  appropriate  factor  based  on  a 
simple  resonant-circuit  response.  This  factor  is  unity  for  a  3-db  band¬ 
width.  The  factors  are  tabulated  below  for  both  transmission  and  reflection. 


Bandwidth  Factor 

3  db 

6  db 

10  db 

Transmission 

1.0 

0,  577 

0.  333 

Reflection 

1.  0 

1.732 

3.000 
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The  Q  value  is  calculated  from  Q,  and  ’ •  .  In  principle,  Q  can  also 
U  p  u 

be  determined  from  the  reflection  coefficient  at  resonance  rather  than  from 

L  ,  but  the  former  is  too  close  to  unity  to  be  measured  accurately.  For 
P 

transmission  through  a  band-rejection  resonator  at  resonance,  the  insertion 

loss  L  is 
P 


Lp  =  201°810 


(Si) 


db. 


(3-1) 


From  the  tabulated  data  in  Table  3-2  one  can  see  that  the  values 
determined  from  transmission  data  are  lower  and  less  consistent  than  those 


TABLE  3-7. 

DIELECTRIC  RESONATOR  AS  BAND-REJECTION  FILTER 
TRANSMISSION  AND  REFLECTION  MEASUREMENTS 


Sample 

■Lr 

f 

o 

Me 

3db  BW 

Me 

ql 

6db  BW 

Me 

ql 

lOdb  BW 

Me 

°L 

L 

o 

db 

Qu 

'  * 

■ 

in  1  1*1  1 ' 

mm 

4TS 

1 

2937 

1 

98 

18 

94 

1 1 

89 

94 

35.  0 

6426 

2 

2925 

28 

1C  i 

17 

99 

9? 

100 

35.  5 

6923 

3 

3005 

30 

100 

18 

96 

10 

ICC 

99 

35.  5 

7001 

4 

3111 

31 

18 

1 1 

94 

98 

36.  0 

7458 

5 

3320 

34 

98 

20 

96 

1 1 

101 

98 

36.  5 

7778 

6 

3918 

37 

106 

24 

94 

13 

100 

100 

36.  5 

6693 

R 

EFLE 

1CTION 

S4EAS 

U  REMEN 

TS 

1 

2936 

26 

1  13 

44 

1  16 

77 

1  14 

1 14 

2 

2924 

25 

1  17 

43 

118 

7? 

1  14 

116 

3 

3005 

25 

120 

44 

118 

79 

1  14 

118 

4 

3111 

26 

120 

43 

120 

81 

1  15 

118 

3 

3320 

28 

119 

49 

1  17 

88 

1  13 

116 

6 

3918 

35 

112 

61 

’  1  1 

108 

109 

1  1  1 
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from  reflection  data.  This  is  believed  to  be  the  result  of  the  bandwidth  being 
leasured  at  points  3-,  6-,  and  10-db  down  from  the  available  generator 
power'  that  is,  measured  with  respect  tc  zero  insertion  loss.  The  config¬ 
uration  was  not  matched  off  resonance  in  this  experiment,  and  the  entire 
insertion-loss  response  curve  was  raised  above  0  db.  Therefore,  the  meas¬ 
ured  bandwidths  are  broader  than  the  true  3-,  6-,  and  10-db  bandwidths. 

The  reflection  bandwidths  are  considered  more  accurate,  and  the  resulting 
Q,  's  are  used  in  the  computation  of  Q  .  It  can  also  be  seen  from  the  data 
that  the  value  of  is  quite  sensitive  to  error  in  insertion -loss  measure¬ 
ment.  This  measurement  is  difficult  to  make  accurately  due  to  the  large 
value  of  insertion  loss  and  the  sharpness  of  the  resonant  rejection  peak. 

The  latter  requires  a  signal  source  with  good  frequency  stability  and  no 
frequency  modulation. 
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A  second  experiment  consisted 
of  determining  the  effect  of  moving  a 
sample  toward  the  broad  and  narrow 
walls  of  the  waveguid  -.  Sample  No.  4 
was  used  in  this  test.  The  data  are 
shown  in  Figure  3-2  and  Table  3-3. 
Transmission  data  only  was  taken  in 
this  experiment,  so  that  the  values 
are  probably  lower  than  actual  for  the 
reasons  previously  described.  This 
in  turn  lowers  the  calculated  Q  values. 
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Figure  3-2.  Resonant  Frequency 
Versus  Position  of  Sample  in 
Transverse  Plane  of  Waveguide 


TABLE  3-3 


SAMPLE  NO.  4  RESONATOR  AS  BAND- REJECTION  FILTER 

f  AND  Q  VS.  POSITION  IN  WAVEGUIDE 
o 


x/x 

o 

3i 

3 do  BW 
Me 

ql 

6db  BW 
Me 

°L 

1  Odb  BW 
Me 

Q. 

jj 

SB 

L  ,db 
o 

Q 

u 

0.  114 

3158 

4 

790 

15.  5 

4700 

0.  212 

3131 

5 

616 

20.  2 

6300 

0.360 

3117 

10 

318 

26.  5 

6740 

0.436 

3114 

15 

208 

28.  5 

5540 

1.  00 

3111 

31 

100 

36.  0 

6320 

y/y 

7  7  o 

0 

3147 

35 

89.  0 

20 

89.9 

11 

94.  3 

91 

36.  0 

5745 

0.  085 

3131 

32 

97.2 

18 

99.8 

11 

94.  3 

97 

36.  5 

6480 

0.  138 

3126 

29 

107.  2 

18 

99.  6 

10 

104.  7 

104 

36.  5 

6950 

0.  191 

3118 

31 

100.  6 

18 

100 

1 1 

94.4 

98 

0.  332 

3111 

0.  574 

3110 

0.  786 

3110 

1.  00 

3110 

32 

97.  2 

19 

94.  5 

11 

94.  3 

95 

36.  0 

6000 
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SECTION  V 


CONCLUSIONS 

Dielectric  resonators  in  microwave  filters  are  capable  of  unloaded 
Q's  comparable  to  those  of  conventional  waveguide  cavities.  A  substantial 
size  reduction  is  possible  compared  to  waveguide  filters  yielding  the  same 
electrical  performance.  The  h  gher  the  dielectric  constant,  the  smaller 
will  be  the  filter;  however,  dielectric  constants  higher  than  100  are  not 
likely  to  be  practical  because  of  excessive  temperature  sensitivity.  Even 
materials  of  100  are  not  yet  suitable  from  this  standpoint,  but  it  is 
believed  that  such  a  material  can  be  developed  to  have  a  resonant  frequency 
vs.  temperature  stability  comparable  to  ordinary  waveguide  cavities.  Work 
on  this  program  will  concentrate  on  readily  available  TiO^  samples,  since 
these  have  the  desired  dielectric  constant  and  low  losses.  Isotropic,  poly¬ 
crystalline  specimens  will  be  used  in  order  to  avoid  the  re  sonant -frequency 
splitting  ot  anisotropic  single  crystals. 

The  study  of  the  first-  and  second-order  solutions  show  the  latter  to 
be  much  superior  to  the  former.  Experimental  data  indicate  that  further 
analytical  improvement  may  be  needed. 

Experimental  techniques  of  measurement  utilizing  the  dielectric 
samples  as  band-rejection  elements  were  found  satisfactory.  The  of  a 
series  of  TiO^  samples  was  on  the  order  of  7000  at  S-band.  Considering 
that  the  samples  were  not  of  high  purity,  this  value  of  Q  is  very  good. 
Metal-wall  proximity  experiments  confirmed  expectations  that  the  external 
fields  attenuate  rapidly,  and  that  the  metal  shield  around  a  resonator  or 
group  of  resonators  need  not  be  very  large. 
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SECTION  VI 


PROGRAM  FOR  NEXT  INTERVAL 

Techniques  of  measuring  £r  of  cylindrical  samples  will  be  developed 
and  used  to  obtain  accurate  data.  This  will  make  possible  a  more  precise 
evaluation  of  the  second-order  solution. 

An  analysis  will  be  made  of  the  equivalent  magnetic  dipole  moment 
of  a  resonator.  Coupling  formulas  will  be  developed  that  utilize  the  mag¬ 
netic  dipole  moment. 

Experimental  studies  will  be  made  of  coupling  between  resonators 
in  a  metal  waveguide  below  cutoff.  Coupling  to  terminating  waveguide  and 
coaxial  lines  will  be  investigated. 
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SECTION  VIII 


IDENTIFICATION  OF  KEY  TECHNICAL  PERSONNEL 


Hours 


Dr.  Seymour  B.  Cohn 

Specialist 

40 

Mr.  Charles  W.  Chandler 

Senior  Engineer 

220 

Mr.  Kenneth  C.  Kelly 

Senior  Engineer 

16 

Mr.  Richard  V.  Reed 

Engineer 

12 
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